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Abstract
Motivated by Gopal et al. (Acta Math. Sci. 36B(3):1-14, 2016). We introduce the notion
of α-type F-contraction in the setting of modular metric spaces which is independent
from one given in (Hussain et al. in Fixed Point Theory Appl. 2015:158, 2015). Further,
we establish some ﬁxed point and periodic point results for such contraction. The
obtained results encompass various generalizations of the Banach contraction
principle and others.
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1 Introduction and preliminaries
The ﬁxed point technique is one of the important tools with respect to studying the exis-
tence and uniqueness of the solution of various mathematical methods appearing in the
practical problems. In particular, the Banach contraction principle provides a construc-
tive method of ﬁnding a unique solution for models involving various types of diﬀerential
and integral equations. This principle is generalized by several authors in various direc-
tions; see [–]. Recently, Gopal et al. [] introduced the concept of α-type F-contraction
in metric space by combining the ideas given in [] and obtained some ﬁxed point results.
On the other hand, to deal with the problems of description of superposition operators,
Chistyakov [] introduced the notion of modular metric spaces and gave some funda-
mental results on this topic, whereas some authors introduced the analog of the Banach
contraction theorem in modular metric spaces and described the important aspects of
applications of ﬁxed point of mappings in modular metric spaces. Some recent results in
this direction can be found in [, –]. In this paper, we introduce the concept of α-type
F-contraction in the setting of modular metric spaces and establish ﬁxed point and peri-
odic point results for such a contraction. Consequently, our results generalize and improve
some known results from the literature.
Consistent with Chistyakov [], we begin with some basic deﬁnitions and results which
will be used in the sequel.
Throughout this paperN,R+, andRwill denote the set of natural numbers, positive real
numbers, and real numbers, respectively.
© 2016 Padcharoen et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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Let X be a nonempty set. Throughout this paper, for a function w : (,∞) × X × X →
[,∞), we write
wλ(x, y) = w(λ,x, y)
for all λ >  and x, y ∈ X.
Deﬁnition . [] Let X be a nonempty set. A function w : (,∞) × X × X → [,∞] is
said to be a metric modular on X if it satisﬁes, for all x, y, z ∈ X, the following conditions:
(i) wλ(x, y) =  for all λ >  if and only if x = y;
(ii) wλ(x, y) = ωλ(y,x) for all λ > ;
(iii) wλ+μ(x, y)≤ wλ(x, z) +wμ(z, y) for all λ,μ > .
If instead of (i) we have only the condition (i′)
wλ(x,x) =  for all λ > ,x ∈ X,
then w is said to be a pseudomodular (metric) on X. A modular metric w on X is said to
be regular if the following weaker version of (i) is satisﬁed:
x = y if and only if wλ(x, y) =  for some λ > .
Deﬁnition . [] Let w be a pseudomodular on X. Fix x ∈ X. The set
Xw = Xw(x) =
{
x ∈ X : wλ(x,x)→  as λ → ∞
}
is said to be modular space (around x).
Deﬁnition . Let Xw be a modular metric space.
(i) The sequence (xn)n∈N in Xw is said to be w-convergent to x ∈ Xω if and only if
wλ(xn,x)→ , as n→ ∞ for some λ > .
(ii) The sequence (xn)n∈N in Xw is said to be w-Cauchy if wλ(xm,xn)→ , asm,n→ ∞
for some λ > .
(iii) A subset C of Xw is said to be w-complete if any w-Cauchy sequence in C is a
convergent sequence and its limit is in C.
(iv) A subset C of Xw is said to be w-bounded if for some λ > , we have
δw(C) = sup{wλ(x, y);x, y ∈ C} <∞.
Next, we denote by F the family of all functions F : R+ → R satisfying the following
conditions:
(F) F is strictly increasing on R+,
(F) for every sequence {sn} in R+, we have limn→∞ sn =  if and only if
limn→∞ F(sn) = –∞,
(F) there exists a number k ∈ (, ) such that lims→+ skF(s) = .
Example . The following functions F :R+ →R belongs to F :
(i) F(t) = ln t, with t > ,
(ii) F(t) = ln t + t, with t > .
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Deﬁnition . [] A mapping T : X → X is said to be α-admissible if there exists a func-
tion α : X ×X →R+ such that
x, y ∈ X, α(x, y)≥  ⇒ α(Tx,Ty)≥ .
Deﬁnition . [] Let G denote the set of all functions G : (R+) → R+ satisfying
the condition (G) for all t, t, t, t ∈ R+ with tttt = , there exists τ >  such that
G(t, t, t, t) = τ .
Example . The following function G : (R+) →R belongs to G:
(i) G(t, t, t, t) = Lmin(t, t, t, t) + τ ,
(ii) G(t, t, t, t) = τeLmin(t,t,t,t), where L ∈R+.
Deﬁnition . [] Let Xω be amodular metric space and T be a self-mapping on Xω . Sup-
pose that α,η : Xω × Xω → [,∞) are two functions. We say T is an α-η-GF-contraction








) ≤ F(ωλ/l(x, y)),
where G ∈ G and F ∈F .
2 Fixed point results for α-type F-contractions
We begin with the following deﬁnitions.
Deﬁnition . Let (X,w) be a modular metric space. Let C be a nonempty subset of Xw.
A mapping T : C → C is said to be an α-type F-contraction if there exist τ >  and two
functions F ∈ F , α : C × C → (,∞) such that, for all x, y ∈ C, satisfying w(Tx,Ty) > ,
the following inequality holds:
τ + α(x, y)F
(
w(Tx,Ty)
) ≤ F(w(x, y)
)
. (.)
Deﬁnition . Let (X,w) be a modular metric space. Let C be a nonempty subset of Xw.
A mapping T : C → C is said to be an α-type F-weak contraction if there exist τ >  and
two functions F ∈F , α : C×C → (,∞) such that, for all x, y ∈ C, satisfyingw(Tx,Ty) > ,
the following inequality holds:













Remark . Every α-type F-contraction is an α-type F-weak contraction, but the con-
verse is not necessarily true.
Example . Let Xw = C = [,  ], w = |x – y|, and w = |x – y|. Deﬁne T : C → C, α :





, if x ∈ [,  ],

 , otherwise.
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Then, for x =  and y = , by putting F(t) = ln t with t > , we have





















  for all τ >  and for all α ∈ (,∞).
However, since
inf














, if x, y ∈ [,  ] or x, y ∈ (  ,  ],
log –log
log–log , otherwise,
and τ >  such that e–τ =  .
Remark . Deﬁnition . (respectively, Deﬁnition .) reduces to an F-contraction (re-
spectively, an F-weak contraction) for α(x, y) = .
The next two examples demonstrate that α-type F-contractions (deﬁned above) and
α-η-GF-contractions [] are independent.
Example . Let Xw = C = [, ], w = |x – y|, and wλ = λ |x – y|. Deﬁne T : C → C, α :






 , if x ∈ [, ),
, if x = .
So, deﬁne F(t) = ln t with t > . Then T is an α-type F-weak contraction with α(x, y) = 
for all x, y ∈ C and τ >  such that e–τ =  . But T is not an α-η-GF-contraction []. To see





, if x =  ,
, otherwise
and
G(t, t, t, t, t) = Lmin{t, t, t, t, t} + τ .
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and thus, T is not an α-η-GF-contraction.
Example . Let Xw = C = [, ], w = |x – y|, and wλ = λ |x – y|. Deﬁne T : C → C, α,η :





, if x is rational,
, if x is irrational,
α(x, y) = x + y and η(x, y) = x+y , if x and y both are rational or irrational, α(x, y) =
 and η(x, y) =  if x is irrational and y is rational (and vice versa), G(t, t, t, t) =
Lmin{t, t, t, t} + τ (τ > ), and F(t) = ln t. Then T is an α-η-GF-contraction. But it is
not an α-type F-weak contraction. To see this, consider x =  and y is any irrational.
The motivation of the following deﬁnition is in the last step of the proof of the Cauchy
sequence in our theorems.
Deﬁnition . Let (X,w) be a modular metric space. Then we will say that w satis-
ﬁes the M-condition if it is the case that limm,n→∞ wλ(xn,xm) = , for λ = m implies
limm,n→∞ wλ(xn,xm) =  (m,n ∈N,m≥ n), for some λ > .
Now, we are ready to state our ﬁrst theorem which generalizes the main theorem of
Gopal et al. [] for modular metric spaces.
Theorem . Let (X,w) be a modular metric space. Assume that w is regular and satisﬁes
the M-condition. Let C be a nonempty subset of Xw. Assume that C is w-complete and
w-bounded, i.e., δw(C) = sup{w(x, y) : x, y ∈ C} < ∞. Let T : C → C be an α-type F-weak
contraction satisfying the following conditions:
(i) T is α-admissible,
(ii) there exists x ∈ C such that α(x,Tx)≥ ,
(iii) T is continuous.
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Then T has a ﬁxed point x∗ ∈ C and for every x ∈ C the sequence {Tnx}n∈N is convergent
to x∗.
Proof Let x ∈ C such that α(x,Tx)≥  and deﬁne a sequence {xn} in C by xn+ = Txn for
all n ∈N.
Obviously, if there exists n ∈ N such that xn+ = xn , then Txn = xn and the proof is
ﬁnished. Hence, we suppose that xn+ = xn for every n ∈ N. Now from conditions (ii) and
(i), we have
α(x,x) = α(x,Tx)≥  ⇒ α(Tx,Tx) = α(x,x)≥ .
By induction we have
α(xn,xn+)≥ . (.)





























































a contradiction. Therefore max{w(xn–,xn),w(xn,xn+)} = w(xn–,xn), for all n ∈ N.













– nτ for all n ∈N. (.)
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)knτ ≤ . (.)








Then there exists n ∈N such that n(w(xn+,xn))k ≤  for all n≥ n, that is,
w(xn,xn+)≤ n/k for all n≥ n, for all λ > .
For allm > n > n, we have
wm(xn,xm) ≤ w(xn,xn+) +w(xn+,xn+) + · · · +w(xm,xm+)
≤ n/k +




















Since w satisﬁes the M-condition. Hence, we have
lim
m,n→∞w(xn,xm) = .
This shows that {xn} is a w-Cauchy sequence. Since C is w-complete, there exists x∗ ∈ C
















Hence, x∗ is a ﬁxed point of T . 
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Theorem. Let (X,w) be amodularmetric space.Assume that w is regular and satisﬁes
theM-condition. Let C be a nonempty subset of Xw.Assume that C is w-completemodular
metric space and w-bounded, i.e., δw(C) = sup{w(x, y) : x, y ∈ C} <∞. Let T : C → C be an
α-type F-weak contraction satisfying the following conditions:
(i) there exists x ∈ C such that α(x,Tx)≥ ,
(ii) T is α-admissible,
(iii) if {xn} is a sequence in Xw such that α(xn,xn+)≥  for all n ∈N and xn → x as
n→ ∞, then α(xn,x)≥  for all n ∈N,
(iv) F is continuous.
Then T has a ﬁxed point x∗ ∈ C and for every x ∈ C the sequence {Tnx}n∈N is convergent
to x∗.
Proof Let x ∈ C be such that α(x,Tx)≥  and let xn = Txn– for all n ∈N Following the
proof of Theorem ., we see that {xn} is aw-Cauchy sequence in thew-completemodular
metric space. Then there exists x∗ ∈ C such that xn → x∗ as n → ∞. From (.) and the




) ≥  for all n ∈N.







that is, x∗ is a ﬁxed point of T .
Case II: Assume there exists n ∈N such that xn+ = Tx∗ for all n≥ n, i.e.,w(Txn,Tx∗) >
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a contradiction. Thus w(x∗,Tx∗) =  and hence x∗ is a ﬁxed point of T . 
Indeed, uniqueness of the ﬁxed point, we will consider the following hypothesis.
(H): for all x, y ∈ Fix(T), α(x, y)≥ .
Theorem . Adding condition (H) to the hypotheses of Theorem . (respectively, The-
orem .) the uniqueness of the ﬁxed point is obtained.
Proof Assume that y∗ ∈ C is an another ﬁxed point of T , such that w(x, y) < ∞ and



















a contradiction. This implies that x∗ = y∗. 
Example . satisﬁes all the hypotheses of Theorem ., hence T has a unique ﬁxed
point x =  .
The following result improves the main theorem of the F-contraction for a modular
metric space.
Corollary . Let (X,w) be a modular metric space. Assume that w is regular and satis-
ﬁes the M-condition. Let C be a nonempty subset of Xw. Assume that C is w-complete
and w-bounded, i.e., δw(C) = sup{w(x, y) : x, y ∈ C} < ∞. Let T : C → C be an α-type
F-contraction satisfying the hypotheses of Theorem ., then T has unique ﬁxed point.
From Example .(i) and Corollary ., we obtain the following result.
Theorem . Let (X,w) be a modular metric space. Assume that w is regular. Let C
be a nonempty subset of Xw. Assume that C is w-complete and w-bounded, i.e., δw(C) =
sup{w(x, y);x, y ∈ C} < ∞. Let T : C → C be a contraction. Then T has a unique ﬁxed
point x.Moreover, the orbit {Tn(x)} w-converges to x for x ∈ C.
3 Periodic point results
In this section, we prove some periodic point results for self-mappings on a modular met-
ric space. In the sequel, we need the following deﬁnition.
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Deﬁnition . [] A mapping T : C → C is said to have the property (P) if Fix(Tn) =
Fix(T) for every n ∈N, where Fix(T) := {x ∈ Xw : Tx = x}.
Theorem . Let (X,w) be a modular metric space. Assume that w is regular and satisﬁes
the M-condition. Let C be a nonempty subset of Xw. Assume that C is w-complete and w-
bounded, i.e., δw(C) = sup{w(x, y) : x, y ∈ C} < ∞. Let C be a w-complete and w-bounded
subset of X. Let T : C → C be a mapping satisfying the following conditions:








holds for all x ∈ C with w(Tx,Tx) > ,
(ii) there exists x ∈ C such that α(x,Tx)≥ ,
(iii) T is α-admissible,
(iv) if {xn} is a sequence in C such that α(xn,xn+)≤  for all n ∈N and w(xn,x)→ , as
n→ ∞, then w(Txn,Tx)→  as n→ ∞,
(v) if z ∈ Fix(Tn) and z /∈ Fix(T), then α(Tn–z,Tnz)≥ . Then T has the property (P).
Proof Let x ∈ C be such that α(x,Tx)≥ . Now, for x ∈ C, we deﬁne the sequence {xn}
by the rule xn = Tnxn = Txn–. By (iii), we have α(x,x) = α(Tx,Tx)≥  and by induction
we write
α(xn,xn+)≥  for all n ∈N. (.)
If there exists n ∈ N such that xn = xn+ = Txn , then xn is a ﬁxed point of T and the
proof is ﬁnished. Thus, we assume xn = xn+ or w(Txn–,Txn–) >  for all n ∈ N. From


























By using a similar reasoning to the proof of Theorem ., we see that the sequence {xn} is
aw-Cauchy sequence and thus, byw-completeness, there exists x∗ ∈ Xw such that xn → x∗
as n→ ∞.
By (iv), we have w(xn+,Tx∗) = w(Txn,Tx∗) →  as n → ∞, that is, x∗ = Tx∗. Hence, T
has a ﬁxed point and Fix(Tn) = Fix(T) is true for n = . Let n >  and assume, by contra-































































By taking the limit as n→ ∞ in the above inequality, we have F(w(z,Tz)) = –∞, which
is a contradiction until w(z,Tz) =  and by the regularity of w, we set z = Tz. Hence,
Fix(Tn) = Fix(T) for all n ∈N. 
Taking α(x, y) =  for all x, y ∈ C in Theorem ., we get the following result, which is a
generalization of Theorem  of Abbas et al. [] in the setting of a modular metric.
Corollary . Let (X,w) be a completemodularmetric space.Assume that w is regular and
satisﬁes theM-condition. Let C be a nonempty subset of Xw.Assume that C is w-complete









for some τ >  and for all x ∈ Xw such that w(Tx,Tx) > . Then T has property (P).
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